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Abstract

Parametric methods are commonly used despite evidence that model assumptions are often vi-
olated. Various statistical procedures have been suggested for analyzing data from multiple-group
repeated measures (i.e., split-plot) designs when parametric model assumptions are violated (e.g.,
Akritas and Arnold (J. Amer. Statist. Assoc. 89 (1994) 336); Brunner and Langer (Biometrical J.
42 (2000) 663)), including the use of Friedman ranks. The e8ects of Friedman ranking on data
and the resultant test statistics for single sample repeated measures designs have been examined
(e.g., Harwell and Serlin (Comput. Statist. Data Anal. 17 (1994) 35; Comm. Statist. Simulation
Comput. 26 (1997) 605); Zimmerman and Zumbo (J. Experiment. Educ. 62 (1993) 75)). How-
ever, there have been fewer investigations concerning Friedman ranks applied to multiple groups
of repeated measures data (e.g., Beasley (J. Educ. Behav. Statist. 25 (2000) 20); Rasmussen
(British J. Math. Statist. Psych. 42 (1989) 91)). We investigate the use of Friedman ranks for
testing the interaction in a split-plot design as a robust alternative to parametric procedures.
We demonstrated that the presence of a repeated measures main e8ect may reduce the power
of interaction tests performed on Friedman ranks. Aligning the data before applying Friedman
ranks was shown to produce more statistical power than simply analyzing Friedman ranks. Re-
sults from a simulation study showed that aligning the data (i.e., removing main e8ects) before
applying Friedman ranks and then performing either a univariate or multivariate test can provide
more statistical power than parametric tests if the error distributions are skewed.
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1. Introduction

Repeated measures designs involving two or more independent groups (i.e., split-plot
designs) are among the most common experimental designs in a variety of research
settings (e.g., Keselman et al., 1998; Koch et al., 1980). Various statistical procedures
have been suggested for analyzing data from split-plot designs when parametric model
assumptions are violated (e.g., Akritas and Arnold, 1994; Brunner and Langer, 2000).
Our focus will be Friedman (1937) rank procedures for testing the interaction. The
e8ects of Friedman ranking on data and the resultant test statistics for single sample
repeated measures designs have been examined (e.g., Harwell and Serlin, 1994, 1997;
Zimmerman and Zumbo, 1993). However, there have been fewer investigations con-
cerning Friedman ranking in split-plot designs (e.g., Beasley, 2000; Rasmussen, 1989;
Rasmussen et al., 1989) and how alignment procedures will a8ect the robustness and
power of Friedman ranks.

Parametric methods are commonly used despite evidence that model assumptions are
often violated. Therefore, we review univariate and multivariate approaches for paramet-
ric models and two Friedman rank methods for testing the interaction in split-plot de-
signs. A simulation study was conducted to compare these parametric and non-parametric
procedures under conditions violating model assumptions.

1.1. Parametric models for split-plot designs

1.1.1. Univariate approach
The univariate analysis of variance (ANOVA) approach to the split-plot design has

the following linear model:

Yijk = �∗∗∗ + �j + �i( j) + 	k + �	jk + 	�ik( j) + 
ijk ; (1)

where j is referenced to the J groups of the between-subjects factor, i to the nj sub-
jects nested within the jth group, k to the K levels of the within-subjects (repeated
measures) factor, 
ijk is a random error vector, and N =

∑
nj is the total number of

subjects. The interaction of the between-subjects (i.e., independent grouping or treat-
ment variable) and the within-subjects (i.e., repeated measures) factors is of interest
in many applications (Boik, 1993; Koch et al., 1980). In educational experiments, the
interaction typically represents di8erential gains in achievement for a treatment group.
In psychological and developmental research, the interaction indicates that independent
groups do not have parallel proHles or do not exhibit identical growth curves (Winer et
al., 1991). In genetics experiments, the interaction typically indicates di8erential growth
rates for organisms of di8erent genotypes (Lynch and Walsh, 1998).

For the parametric F-ratio for testing the interaction (F(Y )) from the univariate model
(1), the random error components for each of the JK cells (
ijk) are assumed to be
independent and sampled from identical normal distributions with a mean of zero and a
common variance (i.e., NID[0; �2


 ] for all j and k). For K ¿ 2, the univariate F(Y ) also
requires an additional assumption concerning the sphericity of the pooled covariance
matrix. If the pooled covariance matrix is non-spherical, the degrees-of-freedom (dfs)
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are corrected by a factor epsilon and the resultant statistic, F
(Y ), is valid. Methods
for estimating epsilon have been investigated for over four decades (e.g., Box, 1954;
Greenhouse and Geisser, 1959; Huynh and Feldt, 1970, 1976; Lecoutre, 1991). Also,
general approximate methods to correct the dfs have been developed (Huynh, 1978).
However, these df -correction procedures tend to be less powerful than multivariate
approaches to analyzing repeated measures designs (e.g., Algina and Keselman, 1998;
Algina and Oshima, 1994; Keselman and Algina, 1996) and thus will not be elaborated.

1.1.2. Multivariate approach
The multivariate approach to analyzing repeated measures designs (i.e., multivariate

proHle analysis) is often suggested because the multivariate tests do not require the
additional sphericity assumption. This is of great concern for repeated measures (e.g.,
longitudinal) designs because it seems unreasonable to make assumptions about the
consistency of covariances (i.e., correlational structure) among measures taken over an
extended period of time (Koch et al., 1980). One approach to conducting the multi-
variate proHle analysis is to take pairwise di8erences among the K repeated measures
in order to compute (K − 1) transformed scores, Y∗ = YD, where Y is the N ×K data
matrix of scores (Yijk) and D is a K × (K − 1) di8erence matrix of the general form:

D =




1 −1 0 : : : 0 0

0 1 −1 : : : 0 0

: : : : : :

0 0 0 : : : 1 −1



:

These transformed scores are then submitted to a MANOVA with the following mul-
tivariate linear model:

Y∗
j = M∗∗ + Bj + Ej; (2)

where M∗∗ is a (K − 1) vector of grand means (centroids), Bj is a (K − 1) vector of
between-subjects e8ects, and Ej is a random error matrix.

The interaction null hypothesis (H0(J×K) : B1 = · · · = Bj = · · · = BJ ) can be tested
with multivariate statistics such as the Hotelling–Lawley trace, H(Y ). Based on Hotelling
(1951), H(Y ) can be transformed to an F approximation statistic by

FH (R) = [2(sn + 1)=(s2(2m + s + 1))]H(Y ); (3)

where s= min[(J − 1); (K − 1)], m= [(|K − J | − 1)=2], and n= [(N − J −K)=2]. This
F approximation has numerator dfs of df h = [s(2m + s + 1)] = [(J − 1)(K − 1)] and
denominator dfs of df e=[2(sn+1)]. When sample sizes are small, using a critical value
for H(Y ) from the sampling distribution of the Hotelling–Lawley trace using the s, m,
and n parameters can provide more statistical power. Unfortunately, few multivariate
texts have these critical values tabled.
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The homogeneity of variance assumption underlying the multivariate approach to
repeated measures data requires that the J covariance matrices (�j) are equivalent so
that they can be combined to form the pooled covariance matrix, �. Parametric tests for
the multivariate model (2) assume that the random error components are independent
and multivariate normal with means of zero and a common covariance matrix (i.e.,
NID[0(K−1);D′�D], where 0(K−1) is a (K − 1) vector of zeros). In contrast to the
univariate approach (1), which requires that the diagonal elements of D′�D to be
equal, the multivariate model (2) does not require homogeneity of the variances for
each of the K repeated measures.

1.2. Friedman model of ranks

Regardless of whether (1) the univariate ANOVA model or (2) the multivariate
approach to analyzing repeated measures design is employed, there are normality as-
sumptions for parametric models. Unfortunately, the normality assumption is violated
frequently in a variety of research Helds including genetics (e.g., Allison et al., 1999)
and behavioral research (e.g., Micceri, 1989; Zumbo and Coulombe, 1997). Rank-based
approaches can be used in order to relax the normality assumptions. Friedman (1937)
ranks have been applied to related samples data as well as to data originating from
single-sample repeated measures designs (Zimmerman and Zumbo, 1993). Friedman
ranks have also been suggested when the assumptions of the split-plot ANOVA are
violated (e.g., Beasley, 2000; Rasmussen, 1989). To apply the Friedman ranks to data
from a split-plot design, let Rijk be the rank assigned to measure k for the ith subject in
group j. Also, let NRjk be the mean of the ranks assigned to measure k by the subjects
in group j, NR∗k be the mean of the ranks assigned to measure k averaged over all N
subjects, and NR∗∗ = (K + 1)=2, which is the average of all NK Friedman ranks.

1.2.1. Univariate approach
Based on Beckett and Schucany’s (1979) multiple comparison tests, Beasley (2000)

demonstrated an omnibus test for the Friedman model with two or more independent
groups of subjects. Based on the �2 analog of Sche8e’s (1959) theorem (see Marascuilo,
1966), the Friedman model for J¿ 2 independent samples can be extended as

Fr(R) =

∑J
j=1

∑K
k=1 nj( NRjk − NR∗k)2

K(K + 1)=12
: (4)

This test approximates a �2 distribution with df = (J − 1)(K − 1) asymptotically
(Beasley, 2000). However, with smaller samples sizes computing a univariate F-ratio
on Rijk may be more appropriate.

Friedman ranks cannot be simply applied because of any violation of model assump-
tions, however. For example, Zimmerman and Zumbo (1993) demonstrated that rank
transformed scores inherit the heterogeneity of variance in the original data. Similarly,
the non-sphericity present in repeated measures data can also transmit to Friedman
ranks (Beasley and Zumbo, 1998; Harwell and Serlin, 1994). Thus in order to have
robust univariate tests, the assumptions of independence, homogeneity of variance,
identical shape, and sphericity must still preside (Agresti and Pendergast, 1986; Serlin
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and Harwell, 2001). Therefore if normality assumptions are not met, then univariate
approaches applied to Friedman ranks can be used in order to relax the normality as-
sumptions by assuming that the error components are identically distributed random
variables from some continuous distribution, not necessarily the normal (i.e., IID[0; �2


 ]
for all j and k). Furthermore, if normality and sphericity conditions do not hold, then
Friedman ranks can be analyzed with either (1) the univariate ANOVA model with
df -corrections (e.g., Huynh, 1978; Huynh and Feldt, 1976; Lecoutre, 1991) or (2) the
multivariate approach.

1.2.2. Multivariate approach
Hollander and Sethuraman (1978) developed a multivariate statistic to test for dis-

cordance in ranking patterns for J = 2 groups of raters. Beasley (2000) proposed
an extension of this statistic for J¿ 2 groups. For the jth group, let mj = [( NRj1 −
NR∗1); : : : ; ( NRjk − NR∗k); : : : ; ( NRjK − NR∗K)]′, for j = 1; : : : ; J , be a K-dimensional column
vector of deviations for the kth measure for each group j. Let SR be the sample
within-group error covariance matrix of the Friedman ranks. Also, deHne S∗

R as the
Kronecker product of a diagonal matrix n = diag{1=n1; : : : ; 1=nJ} and SR;S∗

R = n ⊗ SR.
Then, the following statistic takes the general quadratic form:

H(R) = M′S∗−1
R M; (5)

where M = [m′
1; : : : ;m

′
j; : : : ;m

′
J ]

′ is a JK column vector. Because the data matrix has a
Hxed mean of (K +1)=2, both SR and S∗

R will be singular. Therefore, a generalized in-
verse must be employed to compute S∗−1

R . The distribution of (N−1)H(R) approximates
a �2 distribution with df = (J − 1)(K − 1) asymptotically (Beasley, 2000; Hollander
and Sethuraman, 1978). It should be noted that H(R) is the Hotelling–Lawley trace for
the interaction e8ect from a multivariate proHle analysis performed on the Friedman
ranks. Thus, this procedure could also be accomplished by computing R∗ =RD, where
R is the (N × K) data matrix for the Friedman ranks, and then replacing Y∗ with
R∗ in the multivariate model (2). Tests from the multivariate model (2) applied to
Friedman ranks assume that the J groups have independent and identically distributed
error components with means of zero and a common variance matrix for each of the
K measures separately (i.e., IID[0(K−1);D′�D]). Consistent with Agresti and Pender-
gast (1986), transforming H(R) to an F-test may better control Type I error rates as
opposed to comparing (N − 1)H to a chi-square distribution with df =(J − 1)(K − 1),
especially with smaller sample sizes (Harwell and Serlin, 1997). Although using an
exact critical value from the Hotelling–Lawley trace distribution would be the most
powerful approach with small sample sizes (Beasley, 2002), critical values for many
designs with small sample sizes are often not tabled and thus are not readily available
to applied researchers.

1.3. Aligned ranks

Interaction tests performed on Wilcoxon ranks applied to data from between-subjects
factorial designs have performed poorly compared with their normal theory counterparts
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(e.g., Salter and Fawcett, 1993; Toothaker and Newman, 1994). Interaction tests for
the rank transform (Conover and Iman, 1981) have also performed poorly for a variety
of other designs (Akritas, 1990; Headrick and Rotou, 2001; Headrick and Vineyard,
2001; Thompson, 1991, 1993). This is because the expected value of ranks for an
observation in one cell has a non-linear dependence on the original means of the other
cells (Headrick and Sawilowsky, 2000; Thompson, 1991). Consequently, interaction and
main e8ect relationships are not maintained after rank transformations are performed
(Blair et al., 1987). As a result, a parametric test for interaction applied to ranks lacks
an invariance property, which produces distorted Type I and Type II error rates. Thus,
additivity in the original data does not imply additivity of the ranks, nor does additivity
in the ranks imply additivity in the original data. Therefore, Hora and Conover (1984)
warned that simply ranking the data does not result in an adequate test for non-additivity
(i.e., interaction).

Several studies have shown that aligning the data before ranking yields better tests of
the interactions in factorial designs (Beasley, 2002; Higgins and Tashtoush, 1994). Data
from a split-plot design have three nuisance parameters that must be removed in order
to align the scores for ranking and subsequent analysis of interaction e8ects. SpeciH-
cally, the three nuisance parameters from model (1) are the repeated measures main
e8ect (	k), the between-subjects main e8ect (�j), and subjects’ individual di8erences
e8ect that is nested in the between-subjects factor, �i( j). After applying Friedman ranks
to data from a split-plot design, all subjects have the same marginal mean of (K+1)=2.
Thus, it is an attempt to eliminate the between-subjects variance (�j) and the nested
subjects variance (�i( j)) in model (1) (Hollander and Wolfe, 1973, p. 143). However,
the Friedman model rank method does not remove the repeated measures main e8ect
(	k) from model (1). Higgins and Tashtoush (1994) proposed the following method of
alignment:

Y ∗
ijk = [Yijk − NY ∗∗k − NY ij∗ + NY ∗∗∗]; (6)

where NY ∗∗k is the marginal mean of the kth measure averaged over all N subjects,
NY ij∗ is the mean for the ith subject averaged across the K measures, and NY ∗∗∗ is the
grand mean of all NK observations. Following Hettmansperger (1984), this alignment
could also be accomplished by obtaining the residuals from a linear model regressing
Yijk on a set of (N −1) dummy codes that represent the subject e8ect (�i( j)) and a set
of (K − 1) contrast codes that represent the repeated-measures main e8ect (	k) from
model (1). DeHne Aijk as the Friedman ranks applied to the aligned scores (6). These
aligned scores have the nuisance e8ects removed so that a subsequent test performed
on Aijk will be sensitive to detecting interaction e8ects among location parameters.

Beasley (2000) demonstrated that test statistics for the unaligned Friedman ranks
(Rijk) maintained the expected Type I error rate when a slight repeated measures
main e8ect was present; however, without removing the repeated measures main e8ect
through alignment, the statistics for testing the interaction suggested by Beasley (2000)
may demonstrate low statistical power when a strong repeated measures main e8ect
is present in each group. Therefore, the purpose of this investigation is to examine
whether aligning the data before applying Friedman ranks results in (a) Type I error
rates that are more consistent with the nominal alpha and (b) more statistical power.
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2. Method

2.1. Design

A 4 (sample size: nj=10, 15, 20, and 30) ×2 (spherical and non-spherical covariance
structure) ×4 (shape of error distribution: normal, double exponential, and exponential,
chi-square with df = 1) ×3 (degree of a main e8ect: c = 0, 0.25, and 0.50) factorial
design was employed for this simulation study of Type I error rates. For each of these
96 conditions, 10,000 replications were generated using SAS=IML 8.2 (SAS Institute,
2001). Comparisons were made among 14 procedures for testing the interaction e8ect
in a J=3×K=4 split-plot design at the �=0:05 signiHcance level. For the original data
(Yijk), the unaligned Friedman ranks (Rijk), and the aligned Friedman ranks (Aijk), the
following four statistics were calculated: (a) the conventional F-test; (b) the Lecoutre
(1991) 
-adjusted F ; (c) the F approximate test (3) for the Hotelling–Lawley trace (H)
from a multivariate proHle analysis; and (d) H using a critical value from the Hotelling–
Lawley trace distribution. For a J = 3×K = 4 split-plot design, the parameters for the
Hotelling–Lawley trace distribution are: s= 2; m= 0; and n= 11:5 for nj = 10, n= 19
for nj = 15, n= 26:5 for nj = 20, and n= 41:5 for nj = 30. The �= 0:05 critical values
for H are 0.605, 0.350, 0.246, and 0.156 for nj = 10, 15, 20, and 30, respectively.
The extension of the Friedman �2 approximate test, Fr (4), was performed on Rijk and
Aijk but not on the original scores (Yijk). The nj = 10 condition was chosen because it
has been used in other studies (e.g., Agresti and Pendergast, 1986; Blair et al., 1987).
Also, Harwell and Serlin (1997) reported that for a single sample repeated measures
design the multivariate F approximate test performed on ranks inPated Type I error
rates with total sample sizes of N = 30.

The double exponential distribution was chosen as a condition where the errors were
symmetric but heavy-tailed with skewness and kurtosis values of  1 = 0 and  2 = 3,
respectively. The exponential distribution was selected as a condition where the errors
were skewed ( 1=2) and extremely heavy-tailed ( 2=6). Wilcox (1993) has noted that
heavy-tailed distributions are common in practice and tend to inPate variances which
in turn reduces power. In the case of empirical alpha rates, heavy-tailed distributions
are likely to lead Type I error rates that are below the nominal alpha. Furthermore, the
exponential distribution condition is similar to the lognormal distribution ( 1 = 1:75;
 2 = 5:90) used in other simulation studies (e.g., Algina and Keselman, 1998; Algina
and Oshima, 1994; Keselman et al., 1993). The �2 with df = 1 distribution (�2

(1)) was
selected as a boundary condition where the errors were more skewed ( 1 =

√
8) and

extremely heavy-tailed ( 2 =12). Moreover, it is representative of skewed, heavy-tailed
distributions found in experimental psychology, most notably reaction time data (Zumbo
and Coulombe, 1997). Micceri (1989) reported that 30.9% of the data from educational
and psychological research had asymmetry as extreme as the exponential and �2

(1)
distributions. The normal distribution was simulated for comparison purposes.

2.2. Simulation procedures and conditions

Using the SAS=IML RANNOR function, an nj by (K = 4) matrix of normally dis-
tributed random variates with zero means and unit variances (Xj) was generated for
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each of the J = 3 groups separately. A covariance structure was imposed on the Xj

scores by deriving a K × K matrix of principal component coeRcients, F, from the
pre-speciHed covariance matrix (�j) and pre-multiplying it by the transpose of Xj to
create a data matrix Yj that simulates �j:

Y′
j = FX′

j (7)

(Beasley, 1994; Kaiser and Dickman, 1962). Because only constants were added later
to create Hxed e8ects (i.e., main e8ects, interactions), the values for Yj are the error
components.

In the Hrst condition, all population correlations between measures (i.e., o8-diagonal
elements of �j) were !=0:60. This condition yielded results for a spherical covariance
structure (
 = 1) in which case the univariate F-tests should not inPate Type I error
rates. In the second condition, covariance structures with 
 = 0:64 were imposed. The
pairwise intercorrelations were !12 and !34 =0:70 with all other population correlations
equal to 0.30. These values were taken from Headrick and Sawilowsky (1999) and
represent a realistic situation in which the sphericity assumption is violated because of
an autoregressive process.

This a simpler structure in which a measure taken at time point k = 1 is more
correlated with a measure taken at time k = 2 than it is with measures taken later in
the experiment (i.e., time points k =3 and 4). Likewise, measures taken at time points
k = 3 and 4 were more correlated with each other than with previous measurements.

Three conditions of error non-normality were simulated: double exponential, expo-
nential, and �2

(1). To simulate the error distributions for both non-normal conditions,
intermediate population correlation values were derived (see Headrick and Sawilowsky,
1999) for each of the three covariance structure conditions described above. First, the
random normal variates (Xj) were generated. Then, a matrix of principal component
coeRcients, F, was derived from the intermediate values for the pre-speciHed corre-
lation matrix. Subsequently, covariance structures with the intermediate values were
imposed using (7). Then, data transformations using an extended Fleishman (1978)
power method were performed (Headrick and Sawilowsky, 1999).

This process yielded data with zero means, unit variances, and the expected covari-
ance structure (�j) after the non-linear transformations were performed to make these
distributions non-normal. Thus, these values were transformed so that the variances and
shapes of each of the K error distributions were the same. This transformation process
was also completed for each of the J = 3 groups so that there were no between-group
di8erences in variance or shape. Thus, under conditions in which the covariance struc-
tures were spherical, the random error components (
ijk) were IID(0; �2


 ) for each of the
JK cells, which permitted an investigation of the 14 statistics as tests of interaction in
terms of a univariate shift model for location parameters (Beasley and Zumbo, 2002).
Under conditions in which the covariance structures were not spherical, however, only
the less restrictive multivariate assumption (i.e., IID[0(K−1);DK�D′

K ]) was valid, thus
creating a violation of the underlying assumptions for the univariate tests.

Using a balanced J =3×K=4 split-plot design from model (1), a repeated measures
main e8ect pattern resulting in no interaction was imposed (see Blair et al., 1987,
p. 1143). SpeciHcally for group j = 1, a vector of constants, c1 = [0 0 2c 0], was
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added to each observation (Yi1k) for the K = 4 repeated measures. For group j = 2,
c2 = [ − c − c c − c], and for the third group (j = 3), c3 = [ − 2c − 2c 0 − 2c].
Consistent with Blair et al. (1987), three values of c were used: c= 0, 0.25, and 0.50.
For c=0, both the repeated measures main e8ect and interaction e8ect null hypotheses
were true. For all other values of c, a repeated measures main e8ect of [c − c c − c]
was present in terms of location parameters, but there was no interaction or any other
distributional di8erences.

3. Results

For all tables, F refers to the univariate ANOVA F-test for model (1), F
 refers to
the Lecoutre (1991) 
-adjusted F-ratio, FH refers to the F approximation (3) for the
Hotelling–Lawley trace, H refers to testing the Hotelling–Lawley trace with a critical
value from its referent distribution, and Fr refers to the extension of the Friedman test
(4). Subscripts of Y , R, and A refer to the tests performed on the original data (Yijk),
Friedman ranks (Rijk), and aligned Friedman ranks (Aijk), respectively. The results for
the condition in which the K =4 repeated measures were generated with equicorrelated
(!=0:60) and thus a spherical covariance structure is denoted by 
=1:00 and 
=0:64
refers to the non-spherical condition.

3.1. Type I error rates

Given � = 0:05 and 10,000 replications, a simulated estimate has a standard error
of SE(�̂) = 0:0022. Thus for empirical estimates of Type I error rates, any rejection
rate 2 standard errors above 0.05 (i.e., 0.0544) was considered unacceptably liberal.
This is consistent with Bradley’s (1978) stringent criterion of non-robustness in which
the empirical Type I error rate should never exceed 1.1�. The letter (a) is used to
denote empirical values that were signiHcantly above the nominal alpha (i.e., liberal).
Likewise, any rejection rate below 0.0456 was considered conservative, but acceptable
for power comparisons, and is denoted with the letter (b).

Consistent with Toothaker and Newman (1994) and Wilcox (1993), the e8ects of
violating the normality assumption were a “dampening” of empirical alpha rates with
small samples. For example, when the univariate F , the Lecoutre df -correction pro-
cedure, and the multivariate tests were performed on the original data (Yijk) with
non-normal error distributions and nj =10, the Type I error rates were below Bradley’s
(1978) criterion for a nominal alpha of 0.05, especially for data with skewed error
distributions (i.e., Exponential, �2

(1)). The general e8ects of non-sphericity on the uni-
variate F-test whether performed on Yijk , Rijk , or Aijk are also evident in all of these
results. That is, when the covariance structure was not spherical (
 = 0:64), univariate
F-tests demonstrated drastically inPated Type I error rates regardless of sample size,
shape of the error distribution, or whether the data were ranked.

The Lecoutre (1991) 
-adjusted F-test (F
) performed on data with exponential or
�2

(1) error distributions was somewhat conservative. By contrast, when F
 was performed
on the Friedman (Rijk) and aligned Friedman ranks (Aijk) of data with exponential or
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Table 1
Empirical Type I error rates for the interaction tests in the absence of a repeated measures main e8ect (c=0)

nj = 10 Normal Double exponential Exponential Chi-square df = 1


 = 1:00 
 = 0:64 
 = 1:00 
 = 0:64 
 = 1:00 
 = 0:64 
 = 1:00 
 = 0:64

F(Y ) 0.0474 0.0756a 0.0480 0.0768a 0.0478 0.0729a 0.0454b 0.0709a

F
(Y ) 0.0453b 0.0536 0.0440b 0.0515 0.0420b 0.0461 0.0371b 0.0419b

FH (Y ) 0.0538 0.0526 0.0517 0.0458 0.0442b 0.0392b 0.0393b 0.0345b

H(Y ) 0.0428b 0.0441b 0.0404b 0.0373b 0.0353b 0.0332b 0.0311b 0.0263b

Fr(R) 0.0442b 0.0531 0.0466 0.0576a 0.0435b 0.0528 0.0454b 0.0529
F(R) 0.0498 0.0592a 0.0521 0.0629a 0.0509 0.0586a 0.0520 0.0593a

F
(R) 0.0492 0.0531 0.0511 0.0551a 0.0505 0.0523 0.0513 0.0541
FH (R) 0.0596a 0.0556a 0.0588a 0.0576a 0.0604a 0.0600a 0.0612a 0.0579a

H(R) 0.0494 0.0462 0.0474 0.0474 0.0496 0.0499 0.0496 0.0490

Fr(A) 0.0505 0.0598a 0.0518 0.0606a 0.0453b 0.0549a 0.0412b 0.0474
F(A) 0.0507 0.0598a 0.0530 0.0618a 0.0514 0.0609a 0.0511 0.0585a

F
(A) 0.0503 0.0525 0.0520 0.0550a 0.0505 0.0528 0.0496 0.0522
FH (A) 0.0600a 0.0562a 0.0599a 0.0559a 0.0600a 0.0600a 0.0581a 0.0553a

H(A) 0.0502 0.0475 0.0504 0.0465 0.0515 0.0507 0.0479 0.0441b

nj = 15 
 = 1:00 
 = 0:64 
 = 1:00 
 = 0:64 
 = 1:00 
 = 0:64 
 = 1:00 
 = 0:64

F(Y ) 0.0529 0.0763a 0.0495 0.0784a 0.0464 0.0788a 0.0455b 0.0750a

F
(Y ) 0.0515 0.0520 0.0477 0.0533 0.0412b 0.0487 0.0386b 0.0469
FH (Y ) 0.0524 0.0470 0.0507 0.0511 0.0419b 0.0437b 0.0381b 0.0429b

H(Y ) 0.0469 0.0476 0.0450b 0.0457 0.0366b 0.0374b 0.0337b 0.0383b

Fr(R) 0.0470 0.0569a 0.0493 0.0593a 0.0463 0.0568a 0.0456 0.0575a

F(R) 0.0512 0.0604a 0.0544 0.0633a 0.0507 0.0610a 0.0507 0.0619a

F
(R) 0.0506 0.0537 0.0539 0.0555a 0.0503 0.0540 0.0504 0.0567a

FH (R) 0.0551a 0.0546a 0.0594a 0.0588a 0.0569a 0.0579a 0.0547a 0.0578a

H(R) 0.0511 0.0498 0.0540 0.0539 0.0501 0.0506 0.0492 0.0524

Fr(A) 0.0526 0.0603a 0.0517 0.0625a 0.0440b 0.0591a 0.0431b 0.0572a

F(A) 0.0529 0.0606a 0.0528 0.0638a 0.0482 0.0646a 0.0521 0.0655a

F
(A) 0.0526 0.0528 0.0527 0.0535 0.0479 0.0536 0.0511 0.0576a

FH (A) 0.0543 0.0535 0.0618a 0.0572a 0.0535 0.0575a 0.0565a 0.0569a

H(A) 0.0498 0.0480 0.0541 0.0508 0.0476 0.0527 0.0510 0.0525
aLiberal Type I error rates that are signiHcantly above the nominal alpha of 0.05.
bConservative Type I error rates that are signiHcantly below the nominal alpha of 0.05.

�2
(1) error distributions, however, Type I error rates were more consistent with the

nominal alpha even with smaller sample sizes (see Tables 1–6).
The multivariate approach using FH (3) was liberal, especially for Rijk and Aijk

with nj6 20. However, these results may be a function of sample size in that the
empirical Type I error rates were more consistent with the nominal alpha of 0.05
when sample size was increased to nj = 30. Also for nj = 20, testing H (5) with an
exact critical value was generally e8ective in controlling Type I errors as compared to
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Table 2
Empirical Type I error rates for the interaction tests in the absence of a repeated measures main e8ect (c=0)

nj = 20 Normal Double exponential Exponential Chi-square df = 1


 = 1:00 
 = 0:64 
 = 1:00 
 = 0:64 
 = 1:00 
 = 0:64 
 = 1:00 
 = 0:64

F(Y ) 0.0513 0.0801a 0.0498 0.0731a 0.0495 0.0768a 0.0459 0.0756a

F
(Y ) 0.0505 0.0523 0.0468 0.0478 0.0461 0.0470 0.0398b 0.0454b

FH (Y ) 0.0532 0.0501 0.0484 0.0455b 0.0473 0.0444b 0.0392b 0.0407b

H(Y ) 0.0499 0.0473 0.0456 0.0426b 0.0450 0.0428b 0.0359b 0.0383b

Fr(R) 0.0510 0.0570a 0.0454b 0.0549a 0.0490 0.0573a 0.0508 0.0550a

F(R) 0.0540 0.0600a 0.0482 0.0583a 0.0510 0.0601a 0.0533 0.0582a

F
(R) 0.0537 0.0520 0.0479 0.0504 0.0507 0.0520 0.0530 0.0521
FH (R) 0.0577a 0.0501 0.0535 0.0516 0.0543 0.0563a 0.0539 0.0549a

H(R) 0.0548a 0.0473 0.0494 0.0487 0.0512 0.0534 0.0515 0.0531

Fr(A) 0.0531 0.0603a 0.0491 0.0588a 0.0492 0.0534 0.0430b 0.0523
F(A) 0.0527 0.0603a 0.0496 0.0591a 0.0536 0.0587a 0.0520 0.0591a

F
(A) 0.0526 0.0526 0.0495 0.0490 0.0529 0.0499 0.0508 0.0523
FH (A) 0.0582a 0.0545a 0.0531 0.0500 0.0562a 0.0533 0.0561a 0.0553a

H(A) 0.0547a 0.0521 0.0498 0.0473 0.0538 0.0515 0.0524 0.0514

nj = 30 
 = 1:00 
 = 0:64 
 = 1:00 
 = 0:64 
 = 1:00 
 = 0:64 
 = 1:00 
 = 0:64

F(Y ) 0.0526 0.0794a 0.0506 0.0765a 0.0468 0.0800a 0.0481 0.0714a

F
(Y ) 0.0522 0.0531 0.0494 0.0490 0.0433b 0.0514 0.0442b 0.0448b

FH (Y ) 0.0522 0.0512 0.0494 0.0489 0.0447b 0.0482 0.0461 0.0435b

H(Y ) 0.0497 0.0483 0.0453b 0.0454b 0.0427b 0.0444b 0.0431b 0.0396b

Fr(R) 0.0490 0.0597a 0.0470 0.0578a 0.0492 0.0625a 0.0475 0.0575a

F(R) 0.0520 0.0616a 0.0494 0.0606a 0.0515 0.0647a 0.0500 0.0594a

F
(R) 0.0519 0.0536 0.0494 0.0514 0.0512 0.0555a 0.0497 0.0529
FH (R) 0.0544 0.0527 0.0510 0.0527 0.0543 0.0544 0.0533 0.0506
H(R) 0.0506 0.0489 0.0476 0.0485 0.0507 0.0517 0.0496 0.0470

Fr(A) 0.0519 0.0600a 0.0480 0.0593a 0.0493 0.0599a 0.0432b 0.0518
F(A) 0.0516 0.0603a 0.0483 0.0600a 0.0522 0.0635a 0.0496 0.0580a

F
(A) 0.0513 0.0523 0.0480 0.0494 0.0517 0.0531 0.0486 0.0505
FH (A) 0.0529 0.0514 0.0525 0.0501 0.0512 0.0506 0.0541 0.0509
H(A) 0.0494 0.0479 0.0487 0.0468 0.0493 0.0484 0.0510 0.0472

aLiberal Type I error rates that are signiHcantly above the nominal alpha of 0.05.
bConservative Type I error rates that are signiHcantly below the nominal alpha of 0.05.

FH . The rejections for these two multivariate tests were similar with nj = 30, although
testing H with an exact critical value was slightly more conservative in general (see
Tables 1–6).

In Tables 3–6, it is evident that the univariate extension of the Friedman statistic
for testing interactions (4) performed on Rijk was inadequate when main e8ects were
present. For example, the empirical Type I error rates for these interaction tests (Fr)
were well below Bradley’s criterion for a nominal alpha when a main e8ect of c =
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Table 3
Empirical Type I error rates for the interaction tests in the presence of a repeated measures main e8ect
(c = 0:25)

nj = 10 Normal Double exponential Exponential Chi-square df = 1


 = 1:00 
 = 0:64 
 = 1:00 
 = 0:64 
 = 1:00 
 = 0:64 
 = 1:00 
 = 0:64

F(Y ) 0.0481 0.0819a 0.0507 0.0778a 0.0431b 0.0756a 0.0455b 0.0706a

F
(Y ) 0.0461 0.0562a 0.0475 0.0511 0.0372b 0.0458 0.0362b 0.0425b

FH (Y ) 0.0534 0.0534 0.0539 0.0512 0.0433b 0.0430b 0.0412b 0.0384b

H(Y ) 0.0430b 0.0413b 0.0451b 0.0418b 0.0347b 0.0345b 0.0293b 0.0310b

Fr(R) 0.0253b 0.0270b 0.0213b 0.0189b 0.0143b 0.0175b 0.0120b 0.0110b

F(R) 0.0503 0.0679a 0.0527 0.0640a 0.0512 0.0697a 0.0579a 0.0646a

F
(R) 0.0494 0.0576a 0.0511 0.0549a 0.0483 0.0572a 0.0547a 0.0543
FH (R) 0.0552a 0.0584a 0.0572a 0.0568a 0.0556a 0.0566a 0.0582a 0.0543
H(R) 0.0453b 0.0471 0.0475 0.0475 0.0467 0.0473 0.0487 0.0454b

Fr(A) 0.0480 0.0614a 0.0540 0.0604a 0.0482 0.0573 0.0442b 0.0551a

F(A) 0.0483 0.0616a 0.0543 0.0619a 0.0539 0.0637a 0.0550 0.0658a

F
(A) 0.0479 0.0547a 0.0544 0.0549a 0.0533 0.0554 0.0538 0.0575a

FH (A) 0.0594a 0.0584a 0.0628a 0.0618a 0.0611a 0.0604a 0.0611a 0.0615a

H(A) 0.0496 0.0484 0.0536 0.0509 0.0505 0.0484 0.0497 0.0509

nj = 15 
 = 1:00 
 = 0:64 
 = 1:00 
 = 0:64 
 = 1:00 
 = 0:64 
 = 1:00 
 = 0:64

F(Y ) 0.0537 0.0783a 0.0455b 0.0768a 0.0502 0.0713a 0.0454b 0.0746a

F
(Y ) 0.0525 0.0534 0.0421b 0.0532 0.0452b 0.0459 0.0381b 0.0447b

FH (Y ) 0.0574a 0.0495 0.0470 0.0529 0.0464 0.0456b 0.0401b 0.0419b

H(Y ) 0.0524 0.0438b 0.0423b 0.0481 0.0421b 0.0388b 0.0356b 0.0378b

Fr(R) 0.0269b 0.0280b 0.0183b 0.0224b 0.0163b 0.0147b 0.0120b 0.0118b

F(R) 0.0500 0.0626a 0.0487 0.0629a 0.0522 0.0605a 0.0537 0.0637a

F
(R) 0.0491 0.0542 0.0473 0.0521 0.0504 0.0497 0.0512 0.0512
FH (R) 0.0560a 0.0532 0.0504 0.0536 0.0536 0.0496 0.0535 0.0549a

H(R) 0.0509 0.0485 0.0450b 0.0491 0.0469 0.0452b 0.0480 0.0491

Fr(A) 0.0510 0.0614a 0.0485 0.0584a 0.0490 0.0555a 0.0440b 0.0518
F(A) 0.0515 0.0618a 0.0488 0.0588a 0.0532 0.0619a 0.0534 0.0599a

F
(A) 0.0512 0.0541 0.0483 0.0527 0.0525 0.0528 0.0522 0.0537
FH (A) 0.0555a 0.0527 0.0548a 0.0538 0.0568a 0.0510 0.0547a 0.0580a

H(A) 0.0502 0.0471 0.0493 0.0479 0.0517 0.0469 0.0500 0.0526
aLiberal Type I error rates that are signiHcantly above the nominal alpha of 0.05.
bConservative Type I error rates that are signiHcantly below the nominal alpha of 0.05.

0:25 was present (see Tables 3 and 4). This “conservatism” worsened with rejection
rates less than 1% as the main e8ect increased to c = 0:50. This indicates that the
Friedman ranking procedure obscures an interaction e8ect when a repeated measures
(within-subjects) main e8ect is present in the original data.

The univariate F test performed on Rijk yielded rejection rates more consistent with
the nominal alpha; however, these empirical Type I error rates were inPated when the
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Table 4
Empirical Type I error rates for the interaction tests in the presence of a repeated measures main e8ect
(c = 0:25)

nj = 20 Normal Double exponential Exponential Chi-square df = 1


 = 1:00 
 = 0:64 
 = 1:00 
 = 0:64 
 = 1:00 
 = 0:64 
 = 1:00 
 = 0:64

F(Y ) 0.0530 0.0783a 0.0469 0.0763a 0.0481 0.0786a 0.0451b 0.0768a

F
(Y ) 0.0522 0.0529 0.0449b 0.0483 0.0442b 0.0492 0.0408b 0.0442b

FH (Y ) 0.0574a 0.0542 0.0463 0.0487 0.0449b 0.0436b 0.0428b 0.0424b

H(Y ) 0.0551a 0.0502 0.0438b 0.0459 0.0423b 0.0402b 0.0399b 0.0402b

Fr(R) 0.0310b 0.0247b 0.0226b 0.0213b 0.0163b 0.0167b 0.0127b 0.0122b

F(R) 0.0533 0.0608a 0.0525 0.0625a 0.0552a 0.0653a 0.0555a 0.0669a

F
(R) 0.0527 0.0496 0.0518 0.0522 0.0532 0.0534 0.0529 0.0557a

FH (R) 0.0554a 0.0492 0.0551a 0.0537 0.0544 0.0528 0.0513 0.0561a

H(R) 0.0519 0.0463 0.0522 0.0503 0.0512 0.0494 0.0498 0.0531

Fr(A) 0.0522 0.0584a 0.0504 0.0596a 0.0467 0.0548a 0.0458 0.0524
F(A) 0.0520 0.0587a 0.0506 0.0601a 0.0514 0.0595a 0.0527 0.0601a

F
(A) 0.0516 0.0512 0.0504 0.0528 0.0510 0.0495 0.0517 0.0509
FH (A) 0.0580a 0.0531 0.0557a 0.0532 0.0544 0.0528 0.0551a 0.0540
H(A) 0.0542 0.0494 0.0534 0.0494 0.0518 0.0495 0.0520 0.0516

nj = 30 
 = 1:00 
 = 0:64 
 = 1:00 
 = 0:64 
 = 1:00 
 = 0:64 
 = 1:00 
 = 0:64

F(Y ) 0.0490 0.0815a 0.0469 0.0751a 0.0460 0.0763a 0.0519 0.0781a

F
(Y ) 0.0481 0.0534 0.0453b 0.0491 0.0431b 0.0481 0.0478 0.0491
FH (Y ) 0.0515 0.0565a 0.0476 0.0476 0.0467 0.0427b 0.0487 0.0446b

H(Y ) 0.0475 0.0531 0.0446b 0.0451b 0.0434b 0.0400b 0.0461 0.0421b

Fr(R) 0.0267b 0.0302b 0.0223b 0.0207b 0.0138b 0.0175b 0.0132b 0.0120b

F(R) 0.0499 0.0641a 0.0522 0.0614a 0.0495 0.0646a 0.0567a 0.0666a

F
(R) 0.0490 0.0530 0.0522 0.0495 0.0480 0.0519 0.0541 0.0538
FH (R) 0.0515 0.0531 0.0514a 0.0525a 0.0485a 0.0503 0.0537 0.0561a

H(R) 0.0471 0.0505 0.0492 0.0490 0.0453b 0.0462 0.0506 0.0528

Fr(A) 0.0497 0.0629a 0.0506 0.0593a 0.0452b 0.0602a 0.0451b 0.0546a

F(A) 0.0496 0.0633a 0.0507 0.0600a 0.0489 0.0627a 0.0509 0.0601a

F
(A) 0.0497 0.0537 0.0507 0.0501 0.0486 0.0539 0.0502 0.0526
FH (A) 0.0535 0.0562a 0.0515 0.0528 0.0505 0.0525 0.0537 0.0538
H(A) 0.0503 0.0523 0.0488 0.0501 0.0468 0.0495 0.0511 0.0496

aLiberal Type I error rates that are signiHcantly above the nominal alpha of 0.05.
bConservative Type I error rates that are signiHcantly below the nominal alpha of 0.05.

covariance structure was non-spherical or when a large repeated measures main e8ect
(c=0:50) was present. By contrast, the multivariate approach to analyzing the Friedman
ranks performed reasonably well, even in the presence of a large repeated measures
main e8ect; however, these results show that the multivariate statistic H (5) should be
tested with an exact critical value for the Hotelling–Lawley trace distribution instead
of using FH (3), even with sample sizes as large as nj = 30.
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Table 5
Empirical Type I error rates for the interaction tests in the presence of a repeated measures main e8ect
(c = 0:50)

nj = 10 Normal Double exponential Exponential Chi-square df = 1


 = 1:00 
 = 0:64 
 = 1:00 
 = 0:64 
 = 1:00 
 = 0:64 
 = 1:00 
 = 0:64

F(Y ) 0.0506 0.0772a 0.0483 0.0811a 0.0433b 0.0741a 0.0431b 0.0695a

F
(Y ) 0.0490 0.0498a 0.0449b 0.0549a 0.0383b 0.0455b 0.0343b 0.0395b

FH (Y ) 0.0557a 0.0542 0.0483 0.0507 0.0411b 0.0437b 0.0371b 0.0370b

H(Y ) 0.0442b 0.0438b 0.0386 0.0423 0.0332b 0.0344b 0.0286b 0.0266b

Fr(R) 0.0042b 0.0046b 0.0024b 0.0029b 0.0030b 0.0032b 0.0034b 0.0015b

F(R) 0.0561a 0.0718a 0.0593a 0.0738a 0.0612a 0.0706a 0.0635a 0.0720a

F
(R) 0.0517 0.0530a 0.0532 0.0534 0.0534 0.0544 0.0538 0.0545a

FH (R) 0.0531 0.0521 0.0530 0.0474 0.0543 0.0504 0.0490 0.0500
H(R) 0.0434b 0.0449 0.0434b 0.0390b 0.0447b 0.0408 0.0394b 0.0401b

Fr(A) 0.0486 0.0611a 0.0508 0.0650a 0.0492 0.0590a 0.0433b 0.0469
F(A) 0.0492 0.0614a 0.0515 0.0656a 0.0548a 0.0659a 0.0538 0.0595a

F
(A) 0.0486 0.0562a 0.0501 0.0577a 0.0540 0.0586a 0.0522 0.0522
FH (A) 0.0577a 0.0562a 0.0597a 0.0599a 0.0641a 0.0602a 0.0606a 0.0553a

H(A) 0.0472 0.0457 0.0501 0.0500 0.0529 0.0494 0.0512 0.0452

nj = 15 
 = 1:00 
 = 0:64 
 = 1:00 
 = 0:64 
 = 1:00 
 = 0:64 
 = 1:00 
 = 0:64

F(Y ) 0.0510 0.0834a 0.0493 0.0770a 0.0440b 0.0753a 0.0441b 0.0768a

F
(Y ) 0.0497 0.0533 0.0468 0.0510 0.0394b 0.0477 0.0367b 0.0463
FH (Y ) 0.0522 0.0526 0.0510 0.0504 0.0433b 0.0425b 0.0404b 0.0423b

H(Y ) 0.0473 0.0478 0.0463 0.0441b 0.0364b 0.0390b 0.0354b 0.0364b

Fr(R) 0.0047b 0.0039b 0.0042b 0.0045b 0.0031b 0.0031b 0.0026b 0.0023b

F(R) 0.0556a 0.0711a 0.0614a 0.0734a 0.0605a 0.0716a 0.0635a 0.0714a

F
(R) 0.0513 0.0515 0.0545a 0.0564a 0.0524 0.0526 0.0552a 0.0543
FH (R) 0.0501 0.0486 0.0516 0.0510 0.0505 0.0462 0.0502 0.0503
H(R) 0.0442b 0.0438b 0.0473 0.0457 0.0459 0.0425b 0.0452 0.0455

Fr(A) 0.0518 0.0592a 0.0536 0.0599a 0.0471 0.0577a 0.0424b 0.0508
F(A) 0.0520 0.0595a 0.0542 0.0613a 0.0517 0.0630a 0.0521 0.0615a

F
(A) 0.0518 0.0522 0.0540 0.0534 0.0511 0.0541 0.0511 0.0533
FH (A) 0.0577a 0.0566a 0.0577a 0.0517 0.0575a 0.0555a 0.0551a 0.0576a

H(A) 0.0523 0.0497 0.0524 0.0463 0.0520 0.0507 0.0497 0.0524
aLiberal Type I error rates that are signiHcantly above the nominal alpha of 0.05.
bConservative Type I error rates that are signiHcantly below the nominal alpha of 0.05.

Tests performed on the aligned Friedman ranks (Aijk) generally maintained the ex-
pected Type I error rate in the presence of a strong repeated measures main e8ect (see
Tables 3–6). The only problem exhibited was that with smaller sample sizes (nj6 20)
FH (3) performed on Aijk inPated the Type I error rates, which was more e8ectively
controlled by testing H with a critical value from the Hotelling–Lawley trace distribu-
tion. With a sample size of nj = 30, however, both multivariate tests for Aijk held the
Type I error rates near 0.05.
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Table 6
Empirical Type I error rates for the interaction tests in the presence of a repeated measures main e8ect
(c = 0:50)

nj = 20 Normal Double exponential Exponential Chi-square df = 1


 = 1:00 
 = 0:64 
 = 1:00 
 = 0:64 
 = 1:00 
 = 0:64 
 = 1:00 
 = 0:64

F(Y ) 0.0480 0.0813a 0.0460 0.0760a 0.0484 0.0777a 0.0476 0.0783a

F
(Y ) 0.0472 0.0551a 0.0449b 0.0494 0.0446b 0.0460 0.0419b 0.0472
FH (Y ) 0.0509 0.0550a 0.0469 0.0494 0.0440b 0.0432b 0.0436b 0.0428b

H(Y ) 0.0486 0.0526 0.0438b 0.0465 0.0423b 0.0404b 0.0405b 0.0403b

Fr(R) 0.0062b 0.0057b 0.0040b 0.0026b 0.0029b 0.0028b 0.0028b 0.0028b

F(R) 0.0598a 0.0726a 0.0558a 0.0694a 0.0605a 0.0698a 0.0606a 0.0738a

F
(R) 0.0557a 0.0542 0.0503 0.0492 0.0529 0.0504 0.0528 0.0537
FH (R) 0.0520 0.0518 0.0498 0.0493 0.0527 0.0477 0.0508 0.0487
H(R) 0.0494 0.0498 0.0461 0.0467 0.0503 0.0453b 0.0467 0.0460

Fr(A) 0.0497 0.0603a 0.0518 0.0572a 0.0482 0.0564a 0.0412b 0.0528
F(A) 0.0497 0.0605a 0.0519 0.0572a 0.0526 0.0601a 0.0490 0.0611a

F
(A) 0.0496 0.0514 0.0517 0.0495 0.0523 0.0516 0.0482 0.0524
FH (A) 0.0543 0.0561a 0.0536 0.0528 0.0543 0.0519 0.0516 0.0525
H(A) 0.0520 0.0525 0.0508 0.0505 0.0515 0.0490 0.0488 0.0494

nj = 30 
 = 1:00 
 = 0:64 
 = 1:00 
 = 0:64 
 = 1:00 
 = 0:64 
 = 1:00 
 = 0:64

F(Y ) 0.0540 0.0822a 0.0487 0.0812a 0.0467 0.0767a 0.0444b 0.0825a

F
(Y ) 0.0537 0.0522 0.0470 0.0521 0.0442b 0.0481 0.0412b 0.0476
FH (Y ) 0.0544 0.0483 0.0506 0.0516 0.0462 0.0509 0.0408b 0.0440b

H(Y ) 0.0513a 0.0447 0.0466 0.0481 0.0431b 0.0478 0.0378b 0.0415b

Fr(R) 0.0063b 0.0046b 0.0034b 0.0038b 0.0037b 0.0045b 0.0029b 0.0036b

F(R) 0.0558a 0.0719a 0.0565a 0.0738a 0.0630a 0.0723a 0.0580a 0.0735a

F
(R) 0.0513 0.0551a 0.0512 0.0535 0.0540 0.0531 0.0484 0.0561a

FH (R) 0.0481 0.0539 0.0485 0.0495 0.0525 0.0528 0.0477 0.0490
H(R) 0.0442b 0.0510 0.0460 0.0467 0.0480 0.0489 0.0433b 0.0446b

Fr(A) 0.0508 0.0589a 0.0515 0.0622a 0.0488 0.0596a 0.0447b 0.0551a

F(A) 0.0514 0.0592a 0.0520 0.0626a 0.0529 0.0647a 0.0517 0.0619a

F
(A) 0.0513 0.0518 0.0519 0.0532 0.0524 0.0531 0.0505 0.0529
FH (A) 0.0541 0.0508 0.0535 0.0525 0.0522 0.0530 0.0514 0.0513
H(A) 0.0505 0.0465 0.0505 0.0491 0.0485 0.0501 0.0484 0.0500

aLiberal Type I error rates that are signiHcantly above the nominal alpha of 0.05.
bConservative Type I error rates that are signiHcantly below the nominal alpha of 0.05.

3.2. Power comparison

When data with non-normal error distributions were analyzed, the empirical Type I
error rates for tests performed on Yijk , Rijk , and Aijk , were often unstable with both
conservative and liberal rejection rates. Therefore, an additional simulation study with
10,000 replications per condition was conducted to investigate whether any of the
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procedures that maintained the Type I error rate would demonstrate an advantage in
statistical power. The sample size, shape of the error distributions, and covariance
structure conditions previously described in Section 2 were used. To simulate an in-
teraction e8ect among the location parameters of the original data (Yijk), a vector of
!1 = !2 = [ − $ − $ $ − $] was added to each 1 × K observation vector in groups
j = 1 and 2. The third group was not transformed; thus, !3 = [0 0 0 0]. A value of
$ = 0:375 was chosen because it created of an interaction e8ect while also imposing
a repeated measures main e8ect that was equivalent to the c = 0:25 Type I error rate
condition previously reported in Tables 3 and 4. To investigate situations with lower
statistical power, smaller interaction e8ects ($=0:125 and 0.250) were also simulated.
Although interactions can exist in the absence of main e8ects, situations where both
e8ects exist are more common in practice. Therefore, other interaction patterns were
not investigated. Because variances and shapes of the error distributions were held con-
stant across the J =3 groups and K =4 repeated measures, the rejection rates reported
in Tables 7–10 represent empirical estimates of statistical power in terms of location
parameters rather than other distributional di8erences.

For each sample size condition, the Type I error rates of the 14 tests were evaluated
under 24 conditions (Tables 1–6). Thus, approximately 1:2 (0:05×24) of the empirical
Type I error rates for any test would be expected to exceed � + 2SE(�̂) = 0:0544.
Therefore, any test that had two or more rejection rates above 0.0544 across the 24
conditions was excluded from the power comparisons. Furthermore, because many of
the tests performed on Rijk inPated the Type I error rate when a repeated measures main
e8ect was present, these procedures were excluded from the power comparison. Results
for FH performed on Aijk with nj =20 were also excluded because of liberal empirical
alpha rates (see Tables 1–6). The rejection rates for all tests under the $ = 0:375 and
nj¿ 20 conditions were near unity and thus not reported.

As expected, the results show that tests performed on the original scores (Yijk) with
normal error distributions demonstrated a power advantage over the rank-based tests.
For data with symmetric, heavy-tailed (i.e., double exponential) error distributions, the
parametric procedures exhibited a slight power advantage over tests performed on Rijk

and Aijk . For spherical covariance structures, the univariate F(Y ) was slightly more
powerful than the multivariate tests. For the non-spherical covariance structure, the
multivariate approach was more powerful than the univariate tests.

For data with skewed, heavy-tailed (i.e., exponential or �2
(1)) error distributions,

however, there was a considerable advantage to using aligned Friedman ranks. For the
multivariate approach, a power advantage of H(A) over H(R) and H(Y ) was evident with
nj = 10. For example, with an exponential error distribution, non-spherical covariance
structure (
 = 0:64), and smaller e8ect size ($ = 0:25), H(A) exhibited an empirical
power estimate of approximately 67% rejection at � = 0:05; whereas, H(R) and H(Y )

exhibited lower empirical power estimates of approximately 54% and 52% rejection,
respectively (see Table 7). This power advantage was larger for the more skewed �2

(1)
error distribution. For example, with nj = 20, 
 = 0:64, and $ = 0:125, H(A) exhibited
an empirical power estimate of approximately 68% rejection at �=0:05; whereas, H(R)

and H(Y ) exhibited lower empirical power estimates of approximately 59% and 31%
rejection, respectively (see Table 10).
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Table 7
Rejection rates for the interaction tests in the presence of a repeated measures main e8ect and an interaction
e8ect (c = 0:25)

nj = 10 Normal Double exponential Exponential Chi-square df = 1


 = 1:00 
 = 0:64 
 = 1:00 
 = 0:64 
 = 1:00 
 = 0:64 
 = 1:00 
 = 0:64

F(Y ) 0.2028 0.2241∗ 0.2185 0.2635∗ 0.2079 0.2556∗ 0.2199 0.2665∗
F
(Y ) 0.1982 0.1636 0.2098 0.1874 0.1876 0.1758 0.1924 0.1798
FH (Y ) 0.1921 0.4719 0.2175 0.5592 0.2207 0.5512 0.2452 0.5840
H(Y ) 0.1701 0.4330 0.1912 0.5231 0.1909 0.5160 0.2157 0.5499

Fr(R) 0.1302 0.1611∗ 0.1527 0.2134∗ 0.2055 0.2671∗ 0.2511 0.3081∗
H(R) 0.1621 0.3121 0.2011 0.4154 0.3004 0.5358 0.3719 0.5879

Fr(A) 0.1664 0.2324∗ 0.2113 0.3176∗ 0.3700 0.5472∗ 0.4815 0.6664∗
F(A) 0.1667 0.2330∗ 0.2134 0.3201∗ 0.3849 0.5641∗ 0.5099 0.6947∗
H(A) 0.1562 0.3094 0.2015 0.4255 0.3580 0.6719 0.4853 0.7654

nj = 15 
 = 1:00 
 = 0:64 
 = 1:00 
 = 0:64 
 = 1:00 
 = 0:64 
 = 1:00 
 = 0:64

F(Y ) 0.2996 0.3450∗ 0.3415 0.4050∗ 0.3234 0.3842∗ 0.3221 0.3882∗
F
(Y ) 0.2963 0.2513 0.3338 0.2958 0.3049 0.2800 0.2993 0.2843
FH (Y ) 0.2881 0.7022 0.3333 0.7740 0.3336 0.7418 0.3566 0.7615
H(Y ) 0.2716 0.6851 0.3176 0.7586 0.3178 0.7265 0.3381 0.7483

Fr(R) 0.1921 0.2773∗ 0.2415 0.3685∗ 0.3549 0.4632∗ 0.4310 0.5202∗
H(R) 0.2331 0.4937 0.3044 0.6373 0.4749 0.7730 0.5882 0.8198

Fr(A) 0.2306 0.3709∗ 0.3152 0.5164∗ 0.5732 0.7951∗ 0.7221 0.8853∗
F(A) 0.2313 0.3721∗ 0.3168 0.5180∗ 0.5850 0.8025∗ 0.7384 0.8965∗
F
(A) 0.2298 0.3368 0.3157 0.4810 0.5838 0.7773 0.7369 0.8826
H(A) 0.2255 0.5012 0.3025 0.6683 0.5698 0.8840 0.7221 0.9390

∗Indicates that the rejection rate for the tests had a Type I error rate signiHcantly above the nominal
alpha of 0.05 and should not be considered valid.

The advantage of using the aligned Friedman ranks can also be inferred from the
results of the df -correction procedure (i.e., F
). Table 10 shows that with nj = 30,
the �2

(1) error distribution, and the non-spherical covariance structure (
 = 0:64), F


performed on the aligned ranks, F
(A), exhibited empirical power estimates of approxi-
mately 78% rejection. F
(R) and F
(Y ) exhibited much lower empirical power estimates
of approximately 62% and 13% rejection, respectively. However, this may be attributed
to the ranking process reducing the degree of non-sphericity. That is, aligned ranks,
although inheriting some of the non-sphericity present in the original data, did have
smaller departures from sphericity with higher estimates of 
 and thus larger dfs.

4. Discussion

After completing a study with a multiple group repeated measures design, a re-
searcher may be confronted with data for which he cannot assume normality of the
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Table 8
Rejection rates for the interaction tests in the presence of a repeated measures main e8ect and an interaction
e8ect (c = 0:25)

nj = 20 Normal Double exponential Exponential Chi-square df = 1


 = 1:00 
 = 0:64 
 = 1:00 
 = 0:64 
 = 1:00 
 = 0:64 
 = 1:00 
 = 0:64

F(Y ) 0.4113 0.4794∗ 0.4462 0.5468∗ 0.4266 0.5037∗ 0.4326 0.5103∗
F
(Y ) 0.4078 0.3625 0.4385 0.4183 0.4113 0.3890 0.4082 0.3893
FH (Y ) 0.3991 0.8555 0.4412 0.8869 0.4347 0.8595 0.4603 0.8765
H(Y ) 0.3866 0.8492 0.4310 0.8823 0.4241 0.8540 0.4501 0.8724

Fr(R) 0.2591 0.4030∗ 0.3393 0.5144∗ 0.4946 0.6499∗ 0.5847 0.7202∗
F
(R) 0.3019 0.4405 0.3992 0.5715 0.5741 0.7292 0.6862 0.8060
H(R) 0.3142 0.6562 0.4139 0.7877 0.6245 0.9086 0.7385 0.9365

Fr(A) 0.3172 0.5034∗ 0.4212 0.6736∗ 0.7309 0.9245∗ 0.8577 0.9706∗
F(A) 0.3169 0.5040∗ 0.4220 0.6746∗ 0.7376 0.9279∗ 0.8671 0.9741∗
F
(A) 0.3161 0.4643 0.4208 0.6331 0.7369 0.9118 0.8659 0.9680
H(A) 0.3139 0.6629 0.4156 0.8154 0.7245 0.9679 0.8545 0.9877

nj = 30 
 = 1:00 
 = 0:64 
 = 1:00 
 = 0:64 
 = 1:00 
 = 0:64 
 = 1:00 
 = 0:64

F(Y ) 0.5976 0.7209∗ 0.6513 0.7875∗ 0.6181 0.7343∗ 0.6164 0.7374∗
F
(Y ) 0.5957 0.6033 0.6471 0.6838 0.6062 0.6139 0.6001 0.6163
FH (Y ) 0.5839 0.9715 0.6462 0.9822 0.6258 0.9653 0.6333 0.9653
H(Y ) 0.5712 0.9696 0.6359 0.9804 0.6156 0.9633 0.6219 0.9637

Fr(R) 0.4094 0.6261∗ 0.5280 0.7715∗ 0.7297 0.8836∗ 0.8159 0.9212∗
F
(R) 0.4557 0.6620 0.5934 0.8136 0.8029 0.9201 0.8774 0.9570
H(R) 0.4627 0.8575 0.6040 0.9417 0.8323 0.9861 0.9073 0.9919

Fr(A) 0.4660 0.7276∗ 0.6221 0.8829∗ 0.9206 0.9937∗ 0.9690 0.9982∗
F(A) 0.4661 0.7278∗ 0.6232 0.8838∗ 0.9236 0.9941∗ 0.9709 0.9983∗
F
(A) 0.4654 0.6929 0.6231 0.8611 0.9233 0.9919 0.9708 0.9980
FH (A) 0.4676 0.8660 0.6228 0.9583 0.9169 0.9989 0.9676 0.9993
H(A) 0.4545 0.8599 0.6112 0.9558 0.9125 0.9988 0.9666 0.9993

∗Indicates that the rejection rate for the tests had a Type I error rate signiHcantly above the nominal
alpha of 0.05 and should not be considered valid.

error distributions. If the error distributions are symmetric, then standard parametric
approaches will usually suRce in terms of Type I error control and statistical power. If
the error distributions are skewed, however, applying Friedman ranks and performing
either univariate or multivariate test can o8er a more powerful alternative. However,
if the researcher is interested in testing the interaction, then the presence of a repeated
measures main e8ect can reduce the power of interaction tests performed on Friedman
ranks. That is, if the repeated measures main e8ect is large, then the interaction e8ects
must be small due to ranking within the ith case, which in turn produces distorted
Types I and II error rates. Aligning the data (6) before applying Friedman ranks was
shown to be a more powerful alternative to simply analyzing Friedman ranks.
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Table 9
Rejection rates for the interaction tests in the presence of a repeated measures main e8ect and an interaction
e8ect (c = 0:375)

nj = 10 Normal Double exponential Exponential Chi-square df = 1


 = 1:00 
 = 0:64 
 = 1:00 
 = 0:64 
 = 1:00 
 = 0:64 
 = 1:00 
 = 0:64

F(Y ) 0.4438 0.5283∗ 0.4949 0.6011∗ 0.4760 0.5628∗ 0.4772 0.5728∗
F
(Y ) 0.4381 0.4101 0.4813 0.4775 0.4524 0.4474 0.4390 0.4534
FH (Y ) 0.4038 0.8605 0.4735 0.9060 0.4832 0.8751 0.5095 0.8805
H(Y ) 0.3647 0.8376 0.4358 0.8878 0.4480 0.8577 0.4760 0.8631

Fr(R) 0.2208 0.3200∗ 0.2865 0.3848∗ 0.3361 0.3973∗ 0.3617 0.4250∗
H(R) 0.3159 0.6438 0.4147 0.7420 0.5093 0.7717 0.5644 0.7819

Fr(A) 0.3380 0.5364∗ 0.4597 0.6892∗ 0.6648 0.8577∗ 0.7689 0.9085∗
F(A) 0.3378 0.5368∗ 0.4619 0.6914∗ 0.6795 0.8671∗ 0.7901 0.9183∗
H(A) 0.3175 0.6654 0.4320 0.8037 0.6438 0.9161 0.7524 0.9436

nj = 15 
 = 1:00 
 = 0:64 
 = 1:00 
 = 0:64 
 = 1:00 
 = 0:64 
 = 1:00 
 = 0:64

F(Y ) 0.6422 0.7741∗ 0.7096 0.8332∗ 0.6625 0.7756∗ 0.6750 0.7827∗
F
(Y ) 0.6380 0.6544 0.7017 0.7329 0.6444 0.6635 0.6508 0.6753
FH (Y ) 0.6119 0.9823 0.6941 0.9850 0.6705 0.9704 0.6933 0.9691
H(Y ) 0.5943 0.9798 0.6779 0.9835 0.6553 0.9675 0.6791 0.9672

Fr(R) 0.3768 0.5467∗ 0.4715 0.6351∗ 0.5548 0.6705∗ 0.6045 0.7026∗
H(R) 0.4939 0.8670 0.6278 0.9183 0.7386 0.9421 0.8033 0.9501

Fr(A) 0.5088 0.7728∗ 0.6727 0.8977∗ 0.8704 0.9758∗ 0.9371 0.9926∗
F(A) 0.5089 0.7747∗ 0.6750 0.8995∗ 0.8754 0.9777∗ 0.9432 0.9936∗
F
(A) 0.5080 0.7398 0.6738 0.8785 0.8749 0.9718 0.9426 0.9919
H(A) 0.4962 0.8857 0.6564 0.9583 0.8566 0.9902 0.9296 0.9972

∗Indicates that the rejection rate for the tests had a Type I error rate signiHcantly above the nominal
alpha of 0.05 and should not be considered valid.

If the skewed error distributions have a spherical covariance structure, then univari-
ate tests performed on aligned Friedman ranks tend to have more power. However,
the sphericity condition rarely holds in longitudinal data (Koch et al., 1980). Further-
more, the alignment process a8ects the dependency among the resultant scores (Aijk),
and therefore, a spherical covariance structure cannot be assumed (Thompson, 1991).
Univariate df -correction procedures (F
(A)) and multivariate tests performed on the
aligned Friedman ranks are viable alternatives if the skewed error distributions have
a non-spherical covariance structure; the multivariate approach generally showed more
statistical power. However, with a small sample size of nj = 10 cases per group, only
the multivariate test evaluated with an exact critical value (H(A)) maintained the Type I
error rate. For slightly larger samples, both H(A) and F
(A) maintained the Type I error
rate, but H(A) demonstrated more statistical power. Unfortunately, few texts have ex-
tensive tables of critical values for multivariate statistics, and thus, testing interactions
with H(A) may not be readily available to applied researchers. Thus, for smaller sam-
ple sizes (nj6 20) with skewed, non-spherical error distributions, the applied research
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Table 10
Rejection rates for the interaction tests in the presence of a repeated measures main e8ect and an interaction
e8ect (c = 0:125)

nj = 20 Normal Double exponential Exponential Chi-square df = 1


 = 1:00 
 = 0:64 
 = 1:00 
 = 0:64 
 = 1:00 
 = 0:64 
 = 1:00 
 = 0:64

F(Y ) 0.1178 0.1420∗ 0.1192 0.1529∗ 0.1193 0.1452∗ 0.1237 0.1490∗
F
(Y ) 0.1160 0.0948 0.1160 0.1021 0.1119 0.0935 0.1112 0.0972
FH (Y ) 0.1193 0.2617 0.1229 0.3058 0.1265 0.2927 0.1331 0.3147
H(Y ) 0.1147 0.2547 0.1170 0.2979 0.1206 0.2834 0.1272 0.3056

Fr(R) 0.0894 0.1253∗ 0.1085 0.1544∗ 0.2073 0.2746∗ 0.2749 0.3615∗
F
(R) 0.0993 0.1204 0.1204 0.1564 0.2368 0.2858 0.3177 0.4005
H(R) 0.1023 0.1853 0.1206 0.2518 0.2514 0.4781 0.3541 0.5902

Fr(A) 0.1022 0.1433∗ 0.1208 0.1793∗ 0.2586 0.3911∗ 0.3702 0.5425∗
F(A) 0.1022 0.1431∗ 0.1210 0.1810∗ 0.2700 0.4006∗ 0.3930 0.5649∗
F
(A) 0.1017 0.1259 0.1206 0.1582 0.2686 0.3652 0.3912 0.5369
H(A) 0.1027 0.1868 0.1201 0.2439 0.2665 0.5405 0.3910 0.6819

nj = 30 
 = 1:00 
 = 0:64 
 = 1:00 
 = 0:64 
 = 1:00 
 = 0:64 
 = 1:00 
 = 0:64

F(Y ) 0.1646 0.1801∗ 0.1813 0.2061∗ 0.1663 0.1916∗ 0.1635 0.1980∗
F
(Y ) 0.1641 0.1214 0.1769 0.1404 0.1588 0.1307 0.1559 0.1335
FH (Y ) 0.1596 0.3952 0.1799 0.4598 0.1706 0.4297 0.1759 0.4550
H(Y ) 0.1522 0.3845 0.1718 0.4469 0.1630 0.4173 0.1688 0.4426

Fr(R) 0.1239 0.1705∗ 0.1619 0.2355∗ 0.3138 0.4537∗ 0.4383 0.5796∗
F
(R) 0.1322 0.1644 0.1757 0.2288 0.3459 0.4670 0.4859 0.6169
H(R) 0.1314 0.2680 0.1721 0.3752 0.3662 0.6846 0.5212 0.8034

Fr(A) 0.1356 0.1892∗ 0.1738 0.2613∗ 0.4180 0.6347∗ 0.5776 0.7854∗
F
(A) 0.1360 0.1661 0.1746 0.2323 0.4258 0.6032 0.5926 0.7761
FH (A) 0.1391 0.2768 0.1772 0.3822 0.4282 0.7805 0.5941 0.8859
H(A) 0.1328 0.2652 0.1705 0.3689 0.4165 0.7737 0.5838 0.8819

∗Indicates that the rejection rate for the tests had a Type I error rate signiHcantly above the nominal
alpha of 0.05 and should not be considered valid.

may have to settle for the less powerful univariate df -correction procedure applied to
aligned Friedman ranks (F
(A)). If the sample size is larger (nj¿ 30), the researcher
can rely on the F approximation test for the multivariate statistic (3) applied to aligned
Friedman ranks, which was substantially more powerful that parametric procedures with
smaller e8ect sizes (see Table 10).

Reasons for rejecting an interaction null hypothesis are of more interest than the
simple conclusion that it is false; therefore, contrast testing procedures are of great
utility. Given that the aligned Friedman rank procedures is a viable approach to ana-
lyzing repeated measures data, then contrast procedures based on these methods should
hold quite generally (Agresti and Pendergast, 1986; Beasley, 2000; Koch, 1969). Meth-
ods for conducting contrast tests with Friedman ranks are detailed in Beasley (2000),
Beasley and Zumbo (2002), and Marascuilo and McSweeney (1967). For issues in con-
ducting multiple planned comparisons or simultaneous test procedures, there are several
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excellent references for both the univariate and multivariate approaches references (see
Klockars and Hancock (2000) and Sheehan-Holt (1998) for review).

5. Interpretation of aligned Friedman ranks

It is commonly believed that the null hypotheses for the parametric tests of interaction
from models (1) or (2) are similar to the null hypotheses for similar tests performed
on ranks, except statistical inferences concern mean ranks. However the parametric
tests and tests performed on Friedman ranks evaluate two distinctly di8erent, although
conceptually related, hypotheses concerning the similarity of ranking patterns among
multiple groups. Although the null hypotheses underlying tests performed on Friedman
ranks can be expressed as di8erences in the probability or each of the K! permutations
of ranks (Beasley, 2000), the concept of stochastic homogeneity applies (Randles and
Wolfe, 1979; Vargha and Delaney, 1998).

To elaborate, the process of aligning the scores before ranking permits test statis-
tics to focus on interactions among location parameters. By removing main e8ects, the
aligned ranks should not inherit any e8ects due to marginal location di8erences (i.e.,
main e8ects). However, the alignment does not remove other marginal distributional
e8ects, and therefore, aligned ranks may still inherit the distributional properties of
the original data (e.g., heterogeneity of variance). Therefore, as analogs to paramet-
ric procedures, aligned rank tests are likely to be sensitive to variance heterogeneity,
especially with unequal sample sizes (Algina and Keselman, 1998). Thus, one may
conclude that the aligned Friedman rank procedures as tests of location parameters
would be somewhat robust to heterogeneous variance and di8erences in shape when
sample sizes are equal.

Similarly, Wilcox (1993) noted that parametric tests are not robust to di8erences
in skew when sample sizes are not equal; however, they are more sensitive to mean
di8erences when there are di8erences in shape and equal sample sizes. SpeciHcally,
credible inferences about means require the assumption that the population distributions
are symmetric (Koch, 1969; Serlin and Harwell, 2001); whereas, credible inferences
concerning location parameters in general require the assumption that the population
distributions are of identical shape, not necessarily symmetric. If the assumption that
the data for each of the J groups are sampled from identically shaped distributions is
tenable, then a statistically signiHcant test statistic implies an interaction due to location
parameters. However, if the assumptions of identical shape and constant variance are
not met, test statistics based on aligned Friedman ranks may become more sensitive
to detecting any distributional di8erence and thus should strictly be considered tests of
stochastic homogeneity (Beasley, 2000; Serlin and Harwell, 2001; Vargha and Delaney,
1998), especially with a large disparity among sample sizes.

Vargha and Delaney (1998) explicate this issue by showing that the null hypotheses
of stochastic homogeneity and a null hypothesis of equal mean ranks are equivalent
for non-identical, but symmetric distributions. They also demonstrated that stochastic
homogeneity and a null hypothesis of equal location parameters are equivalent for iden-
tical, asymmetric distributions. Therefore, statistically signiHcant values for interaction
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tests performed on aligned Friedman ranks, typically imply a pattern in which one of
the J groups is stochastically larger that the other(s) on at least one of the K repeated
measures and that this stochastic dominance is not constant across all K repeated mea-
sures (Brunner and Langer, 2000; Vargha and Delaney, 1998). To illustrate, imagine
a J = 2 groups (e.g., control and treatment) by K = 3 repeated measures (e.g., pretest,
posttest, follow-up) design. Suppose that the groups were randomly assigned. Then for
the pretest measure (k = 1), one would expect that the two groups to be stochastically
identical, G1(Y11) = G2(Y21), where Gj(Yjk) is the distribution function of the kth re-
peated measure for the jth group. Thus for all real values, u, the probability of scores
larger than u is the same in both groups, P(Y11 ¿u) = P(Y21 ¿u). Now imagine that
the posttest (k=2) was measured after some treatment had been administered to second
group (j=2) while the Hrst group remained a control. If the treatment “worked”, then
the second group should have higher scores, and thus, G1(Y12) 	=G2(Y22). Because the
treatment group has scores (Y12) that are stochastically larger than the scores for the
control group (Y22) the between-group probabilities of scores larger than all real values
(u) are no longer equal, P(Y12 ¿u)6P(Y22 ¿u). This conclusion that the stochastic
dominance of one group over another is not constant over time is consistent with the
answers that aligned rank tests provide to the ordinal question (Cli8, 1996) of “Did
the groups respond di8erently after treatment?” SpeciHcally, the treatment group tends
to have stochastically larger gains than the control group.

Although statistically signiHcant results may be attributed to other distributional dif-
ferences, these aligned rank tests are especially sensitive to shifts in location parameters
because they use mean ranks in their computation. Therefore, statistically signiHcant test
statistics performed on aligned Friedman ranks can generally be attributed to di8erences
in location parameters (Marascuilo and McSweeney, 1977, pp. 304, 305). Hence, the
univariate and multivariate aligned Friedman rank procedures can be considered robust
alternatives to normal theory methods, allowing inferences concerning location parame-
ters, as opposed to “fully non-parametric” models which specify only that observations
in di8erent cells are governed by di8erent distribution functions (Akritas and Arnold,
1994; Akritas et al., 1997). However, given the diRculty of testing model assumptions
especially with small samples (i.e., small sample estimates of skew and kurtosis are
typically unstable) and the potential inPuence of between-group di8erences in vari-
ance and shape with unbalanced data, it would be more prudent to interpret results
from these procedures in terms of stochastic heterogeneity (Beasley, 2000; Vargha and
Delaney, 1998). That is, statistically signiHcant tests performed on aligned Friedman
ranks may not be attributed solely to di8erences in location parameters. In this case,
aligned Friedman rank procedures produce what may be considered a more ambiguous
formulation of the underlying null hypothesis that is of interest conceptually. Yet, the
conclusions are consistent with the ordinal answers that Cli8 (1996) has extolled as
the e8ect of actual interest to many researchers.
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